Transversal ejection-collision orbits for the restricted problem and the Hill's problem with applications  by Lacomba, Ernesto A & Llibre, Jaume
JOURNAL OF DIFFERENTIAL EQUATIONS 74, 69-85 (1988) 
Transversal Ejection-Collision Orbits for the 
Restricted Problem and the Hill’s Problem 
with Applications* 
ERNESTO A. LACOMBA 
Departamento de Matemriticas, Universidad Autdnoma Metropolitana, 
Iztapalapa, Apdo. Postal 55-534, 09340 M&co, D.F., MPxico 
AND 
JAUME LLIBRE 
Departament de Matemritiques, Fact&at de Ci&zcies, Universitat 
Autdnoma de Barcelona, 08193, Bellaterra, Barcelona, Spain 
Received January 29, 1987; revised September 29, 1987 
It is shown that the restricted problem and the Hill’s problem have transversal 
ejectioncollision orbits. These orbits are used to prove that both problems have no 
C’-extendable regular integrals. 0 1988 Academic PICSS, 1~. 
We consider the circular planar restricted three-body problem (usually, 
the restricted problem) in a rotating coordinate system q = (q,, q2) of 
rotational frequency equal to 1. In this frame we locate the larger primary 
m, of mass 1 -p at the origin, and the smaller primary m, of mass p at the 
position e, = ( - 1, 0), where ,u E [0, f]. The Hamiltonian which governs the 
motion of the zero mass particle m3 is given by 
where p = (p,, p2) are the momentum variables conjugate to the q, and 1 1 
denotes the Euclidean norm in R2. 
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The Hill’s problem is obtained from the restricted problem when we try 
to study the motion of the infinitesimal body around the smaller primary 
when the mass parameter p is small enough. This problem was deviced by 
Hill in his lunar theory. The Hamiltonian which governs the Hill’s problem 
is given by 
H=lP12/2+q2p,-q,P2-Iql~'-q:+q:/2. (0.2) 
For more details on the restricted problem and Hill’s problem, see [12]. 
It is clear that C= -2H is a first integral of the Hamiltonian systems 
associated to Hamiltonian functions (0.1) and (0.2). This integral is called 
the Jacobian integral. 
The main goal of this paper is to show that the restricted problem and 
Hill’s problem have transversal ejection-collision orbits. In [6] it was 
proved analytically that the restricted problem has ejectioncollision orbits. 
Here, we shall prove analytically that these orbits are transversal for the 
restricted problem. However, we can only prove numerically the existence 
of transversal ejection-collision orbits for the Hill’s problem, because it is 
far from an integrable problem. 
Siegel in [11] proved that the Jacobian integral is the only algebraic 
integral for the restricted problem. Gravalos in [3] by using the ideas of 
Siegel, showed the same result for the Hill’s problem. 
As an application of the existence of transversal ejectioncollision orbits, 
we can show that the restricted problem and Hill’s problem have no 
C’-extendable regular integrals. For more details and definitions, see the 
next sections, 
The work is divided into two parts. Part A is devoted to the restricted 
problem, and Part B to Hill’s problem. 
PART A. THE RESTRICTED PROBLEM 
A.l. EQUATIONS OF MOTION AND COLLISION MANIFOLD 
Let B’“,(p) (resp. W”,(p)) be the set of orbits which end (resp. begin) at 
collision with one of the primaries for the restricted problem in the 
Jacobian level C and for a fixed value of the mass parameter p. 
We need a complete picture of the local behavior of the solutions near a 
collision, The binary collision of the third body with the primary of mass 
1 - p can be regularized by using the variables of McGehee [8] (see, also 
Devaney [2]). We blow up the collision point, the origin, and replace it 
with an invariant boundary called the collision manifold. The dynamical 
system extends analytically (after a resealing of time) over this collision 
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manifold, and so we get a new flow on an augmented phase space. It turns 
out that this new flow on and near the collision manifold is simple. It is this 
fact that enables us to understand the behavior of the solutions near a 
binary collision. 
For the restricted problem the usual variables of McGehee (see [2]) do 
not work, since its Hamiltonian cannot be written in the form H(q, p) = 
lpi*/2 + V(q) with V(q) a homogeneous function. Nevertheless, the ideas 
of McGehee work for the restricted problem (see IS]), and now we 
summarize,the changes of variables and resulting equations. 
First, we introduce the usual canonical transformation to polar coor- 
dinates 
ql= Q, ~0s Q2, 92 = Q, sin Q2, 
p,=P,cosQ,-P,Q;lsinQ,, P2=P,sinQ2+P2Q;‘cosQ,. 
The radial coordinate Q, = r is the distance between the larger primary 
1 -p at the origin and the third body m3, while the angular coordinate 
Q2 = 0 is the angle between the q,-axis and the radius vector. Then 
v = r”*i and u = r3’2& are the components of the velocity in polar coor- 
dinates, multiplied by Ye’*. 
We introduce a new time variable c via dt = r312 d[. Then the equations 
of motion become 
r’ = rv, 
v’ = v2/2 + u* - 1 + 2ur”* + r3 + p 
+ pr’[cos 0 - (r + cos @)(r2 + 1 + 2r COs 0)-3’2], 
O’=u, 
u’ = -w/2 - 2r312v + vr2 sin O[(r* + 1 + 2r cos-Q)-3’2 - 11, 
(A.1) 
where the prime denotes differentiation with respect to [. The Jacobian 
integral goes over to 
(u*+v*)/2- 1 +p= -r C/2+r3/2 
+ pr[p/2 + r cos 8 + (r2 + 1 + 2r cos 8)-1’2]. 
(A.21 
When r =O, the Jacobian relation shows that the collision manifold is 
the two-dimensional torus defined by (u?+ v*)/2 = 1 - ,u, Q arbitrary. The 
vector field on the collision manifold is then given by 
v’ = u2/2, @‘=l4, li = -W/2. 64.3) 
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FIG. 1. The flow on and near the collision manifold. 
From (A.1 ), (A.2), and (A.3), the collision manifold and the flow on and 
near this manifold are qualitatively the same as in the Kepler problem (see 
[2, p. 2241). The collision manifold for the Kepler problem has been 
studied by Devaney [2] and the flow on and near it is sketched in Fig. 1. 
That is, there are two circles of equilibrium points on the torus, defined by 
u = 0, u = + [2( 1 - p)]‘/* and 0 arbitrary. All the other solution curves on 
the torus move from the lower circle to the upper one. Also, it follows that 
the set of orbits which end, W;(p) (resp. begin, W;(p)), at collision forms 
a cylinder in a neighborhood of the collision manifold. 
A.2. EJECTION-COLLISION ORBITS 
Let us now describe the Hill regions for the restricted problem (0.1) in 
terms of the parameter C (see [ 121). We are going to restrict our attention 
to the case where said regions have a bounded component containing only 
the larger primary. 
We recall that for any value of the Jacobian integral the Hill’s region is 
defined by rc(I,) where 
I,= I(413 q2, PI? P2)l 
=C=lp12/2+q2~~-41~2-lql~1+~L(IqI~1-Iq-e21~’-~2)~ 
and 
n(q,, q2, PI, P*)= (41, cl*). 
For p = 0, the restricted probjem is the two-body rotating problem. The 
equilibrium points form the circle q: + qi = 1, which lies in the Jacobian 
level C = 3. 
For p E (0, $1, there are five equilibrium points, three of them collinear, 
whose coordinates are Li(p) = (qi(p), 0, 0, q,(p)), for i = 1, 2, 3, where 
ql(p) < -1 <q*(p) c 0 < q3(p). The others form equilateral triangles with 
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the two primaries. Their coordinates are L&) = ( - $, d/2, -d/2, -$) 
and L5(p) = (-f, --d/2, d/2, - 1). 
Let us denote by C,(p) the value of the Jacobian level where the 
equilibrium point Li(,a) lies. We have C,(p)= Cg(p)= 3 for any cc. Fur- 
thermore, 3 = lim, _ ,, C,(~)=lim,,, C,(~)=lim,,~ G(P); 3<C&)< 
C,(p) < C,(p) d 4.25 for p E (0,;); and 3 < C&L) = C,(p) < C,(p) < 4.25 for 
p = 1, (for more details, see Fig. 4.6 of [ 123). 
The Hill regions for values of the Jacobian constant C> C,(p) are the 
shaded regions in Fig. 2. 
We are going to study the ejection-collision orbits with the larger 
primary for values of the Jacobian level C> C,(p), which project in the 
bounded Hill component containing the origin. 
In the extended phase space (r, v, 0, u) E Z = [0, + co) x R x S’ x R, we 
define the extended Jacobian level as 
I,= {(r, v, 0, z.4)EZI(uZ+v2)/2- 1 +p 
= -rC/2 + r3/2 + pr[p/2 + r cos 0 + (9 + 1 + 2r cos @)-“‘I >. 
PROPOSITION A. 1. For p E [0, f], the component A’, of 1, for C > C,(p) 
whose projection contains the origin is a closed solid torus whose boundary is 
the collision manifold. 
Proof: Let 71 be the projection defined by il(r, v, 0, U) = (r, 0). Notice 
that the region il(X,-) is a closed disc, the point r = 0 of *(Xc) being the 
projection of the collision manifold. Each point of the interior of 
42 
FIG. 2. Hill regions for C > C,(p). 
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%(X,)\(r = 0) is the projection of a circle of velocities of radius the square 
root of 
and a point (r, 0) in the boundary of *(Xc) is the projection of the unique 
point (r, 0, 0, 0) (since the radius of the circle of velocities at that point 
becomes zero). Then the proposition follows. 1 
Now we study the collision orbits for the two-body rotating problem. In 
this case, the Jacobian relation (A.2) becomes (u’+u*)/2- 1 = 
-r C/2 + r3/2. For this problem, the collision orbits are characterized by 
the fact that its sidereal angular momentum M = q2 p, - q1 p2 = -r1’2u - r2 
equals zero. Hence, the Jacobian relation reduces to 
because 
v2/2 - 1 = -r C/2, (A.4) 
u = -r312. (A.51 
These two relations describe the invariant manifold WC(O) = w”,(O) (see 
Fig. 3). 
From Proposition 1 and Fig. 1, it follows that the intersection of the 
closed solid torus Xc with {v = 0} is an annulus A. We denote by y;(p) 
(resp. y”,(/.~)) the first intersection of the invariant manifold W;(p) in 
forward (resp. W;(p) in backward) time with the annulus A. For p = 0, 
y”,(O) = y”,(O) is the circle of equations r = 2/C, v = 0, u = -(2/C)3’2. 
Notice that for p = 0, the manifold W”,(O) = W”,(O) intersects the annulus 
A transversally because v’ = -1 on y;(O) = y;(O). So we get the following 
result. 
PROPOSITION A.2. For p > 0 and close to zero, the curves y;(p) and y;(p) 
are topologically circles. 
The well-known symmetry S of the restricted problem in coordinates 
(r, u, 0, u, lJ becomes S(r, v, 0, u, c)=(r, -II, -8, u, -[) as we can see 
FIG. 3. The manifold of ejection-collision orbits for p = 0. 
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from Eqs. (A.l). Since S(Y;(,U)) = y>(p), we have that y:(p) and y>(p) 
intersect at the points 0 = 0 and 0 = rc. The orbits passing through these 
two points are of ejection-collision. In short, we have the following result. 
PROPOSITION A.3. For p = 0 all the ejection orbits are of collision. For 
p > 0 and close to zero, there are at least two ejection-collision orbits whose 
initial conditions are close to the points 
(2/C, 0, 0, - wc)3’2) and (2/C, 0, n, -(2/C)3'2). 
A.3. TRANSVERSAL EJECTION-COLLISION ORBITS 
Recall that Proposition A.2 tells us that y>(u) is topologically a circle for 
p small enough. Now, since the flow depends analytically on p, the curve 
y;(p) can be expressed as 
P(Q, PI = W+w,(@) + W2). 
Remember that y;(p) has the same expression changing 0 by - 0. In order 
to see that Y;(U) and y;(p) intersect transversally at 0 = 0, we have to 
check that 
For this, it is enough to prove that 
gp/ #O, 
8=0 
if p is sufficiently small. 
To verify that this derivative is different from zero, we use similar 
arguments as those in [S]. We write Eqs. (A.l) as 
r’ = fi(r, ~1, 
0’ = fAr, 0, 0, ~1, 64.7) 
Q’ = f3(r, 0, Q, ~1. 
We have eliminated here the variable U, by using the Jacobian integral. 
From (AS), we need to take the minus sign in f3 when we compute the 
square root, in order to study the ejection-collision orbits. 
The solution (r(<; 6, ,u), a([; 8, p), Q([; 8, ,u)) of (A.7) determined by 
the initial conditions [ = co = 0, r(co; 8, p) = p(@, p), u(co; 6, p) = 0, 
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O(&,; 8, cl) = @ will be a collision orbit for [ + cc because u = 0 and 
I = p(@, p) is the curve y>(c(). 
Let (rdi; 61, udi; 6 @dl; 6)) = (rdl), u,-,(i), Odi; 8)) be the above 
solution for p=O, and let (rr(T; G), ul(i; 8), 0,(5; 8)) be the solution of 
the first-order variational equations of (A.7) with respect to p. It is easy to 
compute that 
roti) = Wcosh2(il,j’i)l -‘, 
udl) = -,b tanh(Ua), 
O,(i; 8) = -2C-3;Z{sinh(i/&) cosh-2(1/&) 
+ arctan [sinh( cl&)] > + 8. 
It is known that (r1(5; Q), oI(i; 8), S,([; e)) satisfies the following dif- 
ferential equations 
as 4 = ar -w1+$h 
u;=gmJ1+$(4), 
@;=af -$f (4) r1+ 2 (4) u1+ g (413 
(A.8) 
where 
$ (9) = 1 + rdi)’ { cm @dts; @) - CrdT) + cos @di; @)I 
. [ro(l)2 + 1 + 2r,(l) cos @,((I; S)] -)j2> 
We do not make explicit the partial derivatives off3, because they are not 
used in what follows. 
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We introduce the following variables 
Since r(0; 8, p) = p(G-, II), it follows that 
r,(O) + Clr,(O; 8) + Oh’) = 2/c+ ppm + O(p2), 
and therefore r,(O; 8) = p,(G). This implies that (&,/@)(O; 8) = 
(dp ,/d@)( 9). Hence, 
x(0; 0) =$ (8) 
8=0 
Differentiating the first two equations of system (A.8) with respect to 8, 
we obtain the following differential equations for x and y: 
x’ = uo(i)x + r,(r) y, 
Y’ = 00(i) Y + b(5; w, 
(A.9) 
where 
b(i; 0) = r$(() sin O,(c; @){ - 1 + [ro(i)’ + 1 + 2r,(i) cos Q,(c; e)]-3/2 
- 3ro(OCro(i) + cos Qo(5; @)I 
x [ro(l)2 + 1 + 2r,([) cos O,([; 9)]-5’2}. 
For simplicity, we introduce the new independent variable s = c/d. Then 
system (A.9) becomes 
dx 
z = -2 tanh(s)x + 23’2[C cosh2(s)] --I y, 
4 z = -2 tanh(s) y +f(s; @), 
(A.lO) 




x(0; @) - 23’2C-’ j; sinh t cash tf(t; 8) dt 
~(0; 8) + [; cosh2 tf(t; 6) dr > . 
(A.ll) 
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Since ~(0; 8, p) = u*(O) + pu,(O; 8) -I- O(p*) = 0 and u,(O) = 0, it follows 
that u, (0; 8) = 0. Therefore, 
y(O;O)=~(O;B) = 0. * 8=0 
We are interested in showing that x(0; 0) # 0. Then, by solving from (A.1 1) 
we get 
x(0; 0) = cash* sx(s; 0) + 23/2Cp1 
C 
ji sinh t cash cf(t; 0) dt 
- sinh s cash - ’ s 
I 
’ cash* tf( t; 0) dt 1 . 0 
Notice that system (A.lO) is invariant by the symmetry (x, y, s, &) + 
(-x, y, -s, -8). Therefore, if (x(s; 0), y(s; 0)) is a solution of (A.lO), then 
( -x( --s; 0), y( --s; 0)) is a solution, too. We remark that these two 
solutions are the same if and only if x(0; 0) = 0. 
Now, we write (A.12) for the solution (-x(--s; 0), y( -s; 0)) getting 
-x(0; 0) = -cash* sx( --s; 0) + 23/2C-’ jop’sinh t cash tf(t; 0) dt 
+ sinhscosh-‘s 
s 
-’ cosh2 tf(t; 0) dt , 
0 1 
or equivalently 
x(0; 0) = cash’ sx( --s; 0) + 23/2C- ’ ji sinh t cash tf( t; 0) dt 
- sinh s cash- ’ s [’ cash* tf(t; 0) dt 1 , 
where we have used that f( - t; 0) = -f(t; 0). 
From (A.12) and (A.13) we obtain that 
x(s; 0) = x( -s; 0). (A.14) 
Assume that x(0; 0) =O, then the solutions (x(3; 0), y(s; 0)) and 
( -x(--s; 0), y( -s; 0)) are the same. So, from (A.14) it follows that 
x(-s; 0) = -x(-s; 0). Hence, x(s; 0) is the solution identically zero. Then, 
from (A.12) we have that 
I 
s 
sinh t cash tf( t; 0) dt - sinh s cash - r s 
0 I 
’ cash* tf( t; 0) dt = 0. 
0 
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In short, if we show that 
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s 
O” cash s (sinh s - cash s) f(s; 0) ds # 0, 
0 
then x(0; 0) # 0. That is, we need to see that 
I= 00 (sinhs-coshs)sinO 
I 0 cosh3 s 
-1 +A-312- 6 cos 8 12 X 
C cosh2 s + C2 cosh4 s ) 1 A-‘j2 ds#O, 
where 
0 = -2CP3”[sinh s coshP2 s + arctan(sinh s)], 
A=l+ 
4 cos 0 4 
C cosh2 s + C2 cosh4 s ’ 
If C is sufficiently large, then we obtain that 




18 I 00 (sinh s - cash s) sin 8(5 cos2 0 - 1) 2 




Since d@/ds = 
60 3 (sinh s -cash s) sin 8 cos 8(4 s 0 cosh9 s - 7 cos2 0) c3 ds 
O(C-4). 
-4C312 coshP3 s<O, it follows that 8 decreases from 0 
to ---XC-~/~ when s goes from 0 to co. Then, if C is sufhciently large we 
have that sin 0 N 0 and cos 0 N 1. So, we get 
ZE 24CP512 I m sinhs-coshs cash’s + arctan(sinh s) ds + O(C-‘12), 0 1 
for C large enough. 
It is not difficult to compute the following definite integrals 
s 









I m sinh s arctan(sinh s) 371 =-. 0 cash’ s 64 
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Therefore, 
for C sufficiently large. 
In short, we have proved the following result. 
THEOREM A.4 The restricted problem has transversal ejection-collision 
orbits for values of the mass parameter p small enough and of the Jacobian 
constant C large enough. 
By the analyticity of the solutions with respect to p and C, Theorem A.4 
is true for almost all the values of p E (0, 11 and C > C,(U). 
The above method is essentially due to Moser, who used it to study 
transversal heteroclinic orbits in the problem of Sitnikov (see [9]). It has 
subsequently been used by other authors (in [4,6], for example). It is 
based in the study of the first-order variational equations along the 
heteroclinic orbit, as in the first-order Melnikov method (see [4]). Hence, 
both methods are closely related although their formulation is different. 
Such a relationship is the object of a new paper in progress. 
On the other hand, Pifiol [lo] has recently shown that the function 
cash s (sinh s - cash s) f (s; 0) does not change sign, which immediately 
implies (A.15). This improves our result, since it is enough to take values of 
the Jacobi constant so that the Hill region has three components, and there 
is no need to take C big enough. 
A.4. NON-EXISTENCE OF FIRST INTEGRALS 
We recall some definitions. For a Cl-function of manifolds g: X+ Y a 
point y E Y is called a regular value for g if the differential dg,: T,X+ T,, Y 
is surjective at every point x such that g(x) = y. Here, T,X denotes the 
tangent space to X at x. We shall say that the map g is regular if all the 
values for g are regular. If g is regular and y is any value of g, then the 
preimage g - ‘( y ) is a submanifold of X, with dim g - ‘( y ) = dim X - dim Y. 
A Cl-function f: Z + R! will be an extendable regular integral of the 
restricted problem if 
(1) {f, H} = 0, where { , } denotes the Poisson bracket, 
(2) the restriction fc off to any open set of any Jacobian level 1, is a 
regular function, 
(3) f on the collision manifold is constant. 
The second condition says that if b is a value of fc, then f s l(b) is a sub- 
manifold of some open set of 1c of codimension 1. Our definition of an 
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extendable regular integral is essentially the definition of a regular second 
integral of a Hamiltonian vector field, given in [ 1, p. 5911. This notion of 
an integral was also used in [7], where condition (3) was not necessary. 
The term extendable is due to the fact that this integral is defined on the 
extended phase space. 
Notice that the restricted problem for p =0 has an extendable regular 
integral, the angular momentum M= -r”‘u - r*. The value of M on the 
collision manifold is zero. 
THEOREM A.5. The restricted problem for p >O small enough has no 
extendable regular integrals. 
Proof. Let yc be a transversal ejectioncollision orbit in the Jacobian 
level C, which exists because of Theorem A.4. We assume that there is an 
extendable regular integral f: Z--f [w. Let fc be the restriction off to X,, 
and let b be the value of fc on the orbit yc. Since f is a extendable regular 
integral, f; l(b) is a codimension one submanifold of Xc. Since yc c 
Wgn W; and assumption (3) of the definition of an extendable regular 
integral, it follows that W> u WC c f c l(b). Because of the transversality of 
y,-, TX W; + TX IVcc TX f F’(b), where XEY,. Since the dimension of 
T, WC + TX W; is 3, we have that the dimension off F’(b) is 3 in contradic- 
tion with the fact that f; l(b) is a codimension one submanifold of X,. 1 
By the analyticity of the solutions with respect to p, Theorem A.5 is true 
for almost all values of p E (0, $1, 
PART B. THE HILLS PROBLEM 
B.l. EQUATIONS OF MOTION AND COLLISION MANIFOLD 
Let W> (resp. W;) be the set of collision (resp. ejection) orbits for the 
Hill’s problem in the Jacobian level C. That is, the collision (resp. ejection) 
orbits are the solutions which end (resp. begin) at the origin. Notice that 
the origin for the Hill’s problem corresponds to the location of the smaller 
primary for the restricted problem. 
To obtain a complete picture of the local behavior of the solutions near 
the origin, we use the same coordinates (r, u, 8, U, [) introduced in the 
study of the restricted problem. Then the equations of motion become 
r’ = rv, 
v' = v2/2 + u2 - 1 + 2ur3/2 + 3r3 cos2 8, 
Q’=u, 
u' = -MU/~ - 2r312v - 3r3 sin 8 cos 8, 
(B.1) 
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and the Jacobian integral goes over to 
u2 + v2 - 2 = -Cr + 3r3 cos’ 0. (B.2) 
Then, it follows immediately that the flow on and near the collision 
manifold r = 0 for the Hill’s problem is equivalent to the flow of the restric- 
ted problem described in Fig. 1. Notice that the collision manifold is the 
two-dimensional torus defined by (u* + v*)/2 = 1, 0 arbitrary. 
B.2. EJECTION-COLLISION ORBITS 
Let us now describe the Hill regions for the Hill’s problem in terms of 
the parameter C. We are going to restrict afterward to the case where said 
regions have a bounded component. 
We first notice that the Hamiltonian vector field associated to the 
Hamiltonian (0.2) has exactly two equilibrium points L1 = ( -3-li3, 0, 0, 
-3-“3), L2=(3-1’3,0,0,3-1’3). W e h ave three different cases, according 
to the values of C as it is shown in Fig. 4 (see [12]). 
For the Hill’s problem we are going to study the flow for the Jacobian 
level C > 34’3, which projects on the bounded Hill component. In the exten- 
ded phase space (r, v, 0, u) E Z= [0, + co) x R x S1 x R, we define the 
extended Jacobian level 
f,={(r,v,Q,u)~Z~u2+v2-2= -Cr+3r3cos20}. 
PROPOSITION B. 1. The component X, of 1, for C > 34’3 whose projection 
contains the origin is a closed solid torus whose boundary is the collision 
manifold, 
FIG. 4. Hill regions for the Hill problem according to parameter C. 
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The proof is the same as in Proposition A.l. 
From Proposition B.l, and Fig. 4, it follows that the intersection of the 
closed solid torus Xc with (u = 0} is an annulus, denoted by A. 
Let ye (resp. y;) be the first intersection of the invariant manifold WC in 
forward (resp. I+‘;. in backward) time with the annulus A. 
ASSUMPTION B.2. There is a discrete set D of values of the Jacobian 
constant C> 34/3 such that 
( 1) D n ( 34/3, C *) is finite for every value of C * > 34/3, 
(2) for each value of C> 34/3 with C$ D the curve y; in a 
neighborhood of 0 = 0 and 0 = z can be parametrized as r = p(8). 
This assumption will be proved numerically later on. 
The well-known symmetry S of the Hill’s problem in coordinates 
(r, v, 0, U, [) becomes S(r, u, 0, U, 5) = (r, -v, - 0, u, -0, as it is easily 
verified from Eqs. (B. 1). 
Since S(y;) = y;, by Assumption B.2 we have that the intersection 
y; n y; contains at least two points, one of them with 0 = 0 denoted by pO, 
and the other one with 0 = K, denoted by pn. Each one of these points 
determines an ejectioncollision orbit. We summarize this result in the 
following statement. 
PROPOSITION B.3. Under Assumption B.2, Hill’s problem has at least two 
ejection-collision orbits, whose initial conditions are points of the form 
p. = (To, 0, 0, uo) ana’ pn = (rn, 0, xc, u,). 
B.3. TRANSVERSAL EJECTION-COLLISION ORBITS 
From Assumption B.2, let p(0) be the parametrization of the curve 7°C in 
a neighborhood of 0 = 0 for an appropriated value of C. Since y: has the 
same expression changing 0 by -0, it is enough to see that 
$01 zo, (B.3) 
8=0 
in order to prove that the ejection-collision orbit determined by p. is trans- 
versal. 
Let us now compute numerically the above derivative, and we shall see 
that it is different from zero. This checks the transversality and at the same 
time will confirm the Assumption B.2, taking into account the analyticity of 
the curve y; with respect to C. 
By Proposition B.3, we start computing the initial point p. for a given 
value of C> 34J3 which determines an ejectioncollision orbit. 
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From Fig. 4, we see that r0 E (0, b], where b is the unique real root of the 
polynomial 3r3 - Cr + 2 in the interval (0, 3 -ri3) for C > 34/3. By solving 
Eq. (B.2), the coordinate u0 satisfies 
uo=f+(ro)= f(3r;-Cr,+2)“2. 
Now we shall compute numerically the value of ro. 
First of all, we need some preliminary notation. Let P be the Poincare 
map from the open annulus A into itself in forward time, whenever it is 
defined 
Given rE(O,b] we define the point r+=(r,O,O,f+(r)). Since r+EA, we 
can consider P(r + ) = (r*, 0, O*, u*) E A, unless P(r + ) is undefined (in this 
case we have r + = po). 
LEMMA B.4. There exists a unique point a+ E (0, b) such that v’ > 0 at 
the points r + withrE[O,a+)and&Oat thepointsr, withrE(a+,b]. A 
similar result holds for the points r- = (r, 0, 0, f-(r)). 
Proofi From (B.l) and (B.2) we have at the points r + or r _ that v’ = 
‘+ = 6r3 - Cr + 1 + 2r312fk (r). The equation v’+ . vY = 0 is equivalent to 
I(r) = g(r) for r E (0, b) where h(r) = -6r3 + 2Cr - 1 and g(r) = 
(Cr - 1)2 (4r3)-‘. From Fig. 5 the lemma follows. 1 
Now, we compute numerically the Poincare maps P(r +) for r E (a+, b] 
and P(r-) for r E (a-, b] when C= 5. We plot the graphs of the first 
component r* of P(r + ) and of P(r -) in Fig. 6. The value obtained for r. is 
0.429043... . Hence, 
p. = (0.429043 . . . . 0, 0, - 0.302848...). 
Let 6 > 0 be sufficiently small. We denote by r -(6) = (r, 0,6, g-(a)) 
whereg_(a)= -(3cos2ba3-Ca+2) . ‘I* Then we compute as in Fig. 6 the 
3 
FIG. 5. This picture is drawn for C= 5. 
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FIG. 6. These pictures are computed for C = 5. 
value of r in order to obtain the collision orbit whose initial conditions are 
in the segment A n { 0 = 6 3. So, we can compute numerically the derivative 
(B.3) for C= 5, obtaining 0.026... # 0. In short, we have proved the 
following result. 
THEOREM B.5. The Hill’s problem has transversal ejection-collision 
orbits. 
As in Section A.4, we can prove the following theorem for the Hill’s 
problem. 
THEOREM B.6. The Hill’s problem has no extendable regular integrals. 
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